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Abstract
We introduce K-deformations of generalized complex structures on a compact Ka¨hler manifold M =
(X, J ) with an effective anti-canonical divisor and show that obstructions to K-deformations of generalized
complex structures on M always vanish. Applying unobstructed K-deformations and the stability theorem
for generalized Ka¨hler structures, we construct deformations of bi-Hermitian structures in the form
(J, J−t , ht ) on a compact Ka¨hler surface with a non-zero holomorphic Poisson structure. Then we prove that
a compact Ka¨hler surface S admits a non-trivial bi-Hermitian structure with the torsion condition and the
same orientation if and only if S has a non-zero holomorphic Poisson structure. We also obtain bi-Hermitian
structures (J, J−, h) on del Pezzo surfaces, degenerate del Pezzo surfaces and some ruled surfaces for
which the complex structure J is not equivalent to J− under diffeomorphisms.
c⃝ 2012 Elsevier Inc. All rights reserved.
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1. Introduction
The main purpose of this study is to solve remarkable problems in bi-Hermitian geometry
using deformations of generalized Ka¨hler structures. Let M = (X, J ) be a compact Ka¨hler
manifold with an effective anti-canonical divisor, where X is the underlying smooth manifold.
Then there is a generalized complex structure JJ induced from the complex structure J . First
we introduce K -deformations of generalized complex structures that are deformations vanishing
on the anti-canonical divisor. We apply a unified method [6,7] to a meromorphic n-form with a
pole along the anti-canonical divisor and show that the obstructions to K -deformations vanish.
Theorem 2.5 Let M = (X, J ) be a compact Ka¨hler manifold of dimension n and let JJ
denote the generalized complex structure given by J . If M has an effective anti-canonical divisor
D, then M admits unobstructed K -deformations of generalized complex structures {Jt }, starting
with J0 = J , that are parameterized by an open set of H2(L(−D)) ∼= Hn,2⊕Hn−1,1⊕Hn−2,0.
This is regarded as a generalization of the unobstructedness theorem for Calabi–Yau
manifolds [4,20] (see also Miyajima’s result on unobstructed deformations in the case of normal
isolated singularity [17]). For Ka¨hler surfaces, we obtain the following.
Corollary 2.7 Let S be a compact Ka¨hler surface with the complex structure J and a Ka¨hler
form ω. If S has an effective anti-canonical divisor [D] = −KS , then S admits unobstructed
K -deformations of generalized complex structures parameterized by an open set of the full
cohomology group H0(S)⊕ H2(S)⊕ H4(S) of even degree.
We apply our unobstructed K -deformations to construct bi-Hermitian structures on compact
Ka¨hler surfaces. A bi-Hermitian structure on a smooth manifold X is a triple (J+, J−, h)
consisting of two complex structures J+ and J− and a metric h that is a Hermitian metric with
respect to both J+ and J−. In this paper we assume that a bi-Hermitian structure satisfies the
torsion condition
− dc+ω+ = dc−ω− = db, (1.1)
where dc± =
√−1(∂± − ∂±) and ω± denote the fundamental 2-forms with respect to J± and
b is a real 2-form. A bi-Hermitian structure on X is non-trivial if there is a point x ∈ X such
that J+x ≠ ±J−x . If J+ and J− induce the same orientation, then (J+, J−, h) is a bi-Hermitian
structure with the same orientation. A bi-Hermitian structure (J+, J−, h) on X is distinct if
the complex manifold (X, J+) is not biholomorphic to the complex manifold (X, J−). We say
a complex manifold M = (X, J ) admits a bi-Hermitian structure if there is a bi-Hermitian
structure (J+, J−, h) on X with J+ = J . We address two questions in this paper.
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Question 1. Which compact complex surfaces admit nontrivial bi-Hermitian structures?
This question was addressed by Apostolov et al. [2]. Hitchin constructed bi-Hermitian struc-
tures on del Pezzo surfaces using Hamiltonian diffeomorphisms [14]. However, his construction
has the property that the two complex structures J+, J− are equivalent under diffeomorphisms,
so it does not provide distinct bi-Hermitian structures. A second question then naturally arises.
Question 2. Which compact complex surfaces admit distinct bi-Hermitian structures?
In particular, an intriguing problem is whether the Hirzebruch surface F2 admits distinct bi-
Hermitian structures [14]. There is one-to-one correspondence between bi-Hermitian structures
with the torsion condition (1.1) and generalized Ka¨hler structures [12]. Thus, we can obtain
the required bi-Hermitian structures via construction of generalized Ka¨hler structures. In
previous studies, I established a stability theorem for generalized Ka¨hler structures to construct
generalized Ka¨hler deformations on a compact Ka¨hler manifold with a holomorphic Poisson
structure [9,8]. However, these generalized Ka¨hler structures do not give a precise answer to the
first question, since both complex structures of the corresponding bi-Hermitian structures may
be deformed. To obtain deformations of bi-Hermitian structures (J, J−t , ht ) fitting one of the
complex structures, we use unobstructed K -deformations on compact Ka¨hler surfaces. Our main
theorem follows.
Theorem 6.1 Let S = (X, J ) be a compact Ka¨hler surface with a Ka¨hler form ω. If S has a
non-zero holomorphic Poisson structure, then S admits deformations of non-trivial bi-Hermitian
structures (J, J−t , ht ) with the torsion condition that satisfies
d
dt
J−t

t=0
= −2(β + β) · ω.
J−0 = J and h0 is the Ka¨hler metric of (X, J, ω), where β ·ω is the T 1,0J -valued ∂ closed form of
type (0, 1) that gives the Kodaira–Spencer class [β · ω] ∈ H1(S,Θ) of the deformations {J−t }.
We show that a non-trivial bi-Hermitian structure with the torsion condition and the same
orientation on a compact surface gives a nonzero holomorphic Poisson structure [2,14] (see
Proposition 2 and Remark 2 in [1]). Thus, Theorem 6.1 yields the following theorem.
Theorem 6.2 A compact Ka¨hler surface S admits a non-trivial bi-Hermitian structure with the
torsion condition and the same orientation if and only if S has a nonzero holomorphic Poisson
structure.
For instance, all degenerate del Pezzo surface and all Hirzebruch surfaces admit non-trivial
bi-Hermitian structures with the torsion condition and the same orientation. Furthermore, since
there is a classification of Poisson surfaces [3,18,19], we obtain all compact Ka¨hler surfaces that
admit bi-Hermitian structures with the torsion condition and the same orientation. Let T ∗Σ be
the cotangent bundle for every Riemannian surface Σ with genus g and let S be the projective
space bundle P(T ∗Σ ⊕OΣ ) with fiber P1. Then S has an effective divisor 2[E∞], where E∞ is
the section of S → Σ with intersection number 2−2g. Let β be a holomorphic Poisson structure
with the zero locus 2[E∞]. Then the class [β · ω] ∈ H1(S,Θ) does not vanish. Let X be the
underlying smooth manifold of the complex surface S. Thus, we obtain the following theorem.
Theorem 8.11 There is a family of distinct bi-Hermitian structures (J, J−t , ht )with the torsion
condition and the same orientation on S := P(T ∗Σ⊕OΣ ), that is, the complex manifold (X, J−t )
is not biholomorphic to S = (X, J ) for small t ≠ 0.
The remainder of the paper is organized as follows. In Section 2 we obtain unobstructed
K -deformations of generalized complex structures. In Section 3 unobstructed K -deformations
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of generalized complex structures are given by the action of CL2(−D), which is necessary for
our construction of generalized Ka¨hler structures. In Section 4 we recall the stability theorem for
generalized Ka¨hler structures and in Section 5 we describe a family of sections Γ±(a(t), b(t))
of GL(T X) that gives deformations of bi-Hermitian structures (J+t , J−t , ht ). Sections 6 and
7 present our main theorem. Section 8 discusses the second question mentioned above. By
showing that the class

β ·ω] does not vanish, we provide many examples of distinct bi-Hermitian
structures on del Pezzo surfaces, degenerate del Pezzo surfaces and some ruled surfaces.
2. Unobstructed K -deformations of generalized complex structures
Let M = (X, J ) be a compact Ka¨hler manifold of dimension n, where X denotes the
underlying smooth manifold and J is the complex structure on X . Then there is a generalized
complex structure J defined by J . Let T 1,0 be the complex tangent bundle of type (1, 0) and
let Ω0,1 be the C∞ vector bundle of forms of type (0, 1). The vector bundle L is defined as the
direct sum T 1,0 ⊕ Ω0,1 and ∧r L denotes the bundle of anti-symmetric tensors of L with degree
r , which has the decomposition
∧r L = ⊕p+q=r T p,0 ⊗ Ω0,q ,
where T p,0 is the bundle of p-vectors and Ω0,q is the bundle of forms of type (0, q).
Thus, we have the complex (∧• L, ∂), which is the direct sum of the ordinary ∂-complexes
(T p,0 ⊗ Ω0,•, ∂). Let ∧r L be the sheaf of smooth sections of ∧r L . We assume that M has
an anti-canonical divisor D given by the zero locus of a holomorphic section β ∈ H0(M, K−1M ).
Thus, the canonical line bundle KM is the dual bundle −[D]. Let ID be the ideal sheaf of the
divisor D, which is the sheaf of holomorphic sections of the canonical line bundle KM . We define
a sheaf ∧r L(−D) as
∧r L(−D)(U ) := { f a| f ∈ ID(U ), a ∈ ∧r L(U )}, (2.1)
where U is an open set of the manifold X . In particular, the sheaf ∧0 L(−D) is given by
ID ⊗C∞(X). Let Γ (X,∧r L(−D)) be the set of global smooth sections of the sheaf ∧r L(−D).
(For simplicity, we often refer to a section of a sheaf instead of a global section of a sheaf.) The
sheaf ∧r L(−D) is the sheaf of smooth sections of a vector bundle ∧r L(−D). Tensoring with
β−1 gives
∧r L(−D) ∼= ∧r L ⊗ [−D] ∼= ∧r L ⊗ KM .
Then we have
∧0 L(−D) = Ω0,0 ⊗ KM
∧1 L(−D) = (Ω0,1 ⊗ KM )⊕ (T 1,0 ⊗ KM )
∧2 L(−D) = (Ω0,2 ⊗ KM )⊕ (T 1,0 ⊗ Ω0,1 ⊗ KM )⊕ (T 2,0 ⊗ KM ).
Thus, we have the subcomplex (∧• L(−D), ∂) of the complex (∧• L, ∂). Let Ω be a meromor-
phic n-form with simple pole along the divisor D, which is unique up to constant multiplication,
since H0(M, K ⊗ [D]) ∼= C. Note that the d-closed form Ω is locally written as
Ω |U = dz1 ∧ · · · ∧ dznf
using a system of holomorphic coordinates (z1, . . . , zn) on a small open set U and f ∈ ID(U ).
The action of ∧r L(−D) on Ω is defined by the interior and exterior product, which is the spin
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representation of the Clifford algebra CL(T ⊕ T ∗). This action yields a smooth differential form
on M . Thus, we obtain
∧r L(−D) ∼= ⊕p+q=r Ωn−p,q ,
where Ωn−p,q is the C∞ vector bundle of forms of type (n − p, q).
Lemma 2.1. The direct sum ⊕r ∧r L(−D) is involutive with respect to the Schouten bracket.
Proof. A local section α of the sheaf ∧r L is a local section of the sheaf ∧r L(−D) if and only
if α · Ω is a smooth differential form. The Schouten bracket [α1, α2]S for α1, α2 ∈ ∧• L(−D)
is given by [[d, α1]G , α2]G , where [ , ]G denotes the graded commutator, which is the derived
bracket construction [9,16]. Thus, [α1, α2]S · Ω is a smooth differential form, since dΩ = 0. It
follows that [α1, α2]S is a local section of ∧r L(−D). 
We define a vector bundle U−n+r as
U−n+r :=

p+q=r
0≤p,q≤n
Ωn−p,q .
Then ∧r L(−D) ∼= ⊕p+q=r Ωn−p,q gives an isomorphism between complexes:
(∧• L(−D), ∂) ∼= (U−n+•, ∂).
Thus, the cohomology group H•(L(−D)) is given by the direct sum of the Dolbeault cohomol-
ogy groups:
H r (L(−D)) ∼=

p+q=r
0≤p,q≤n
Hn−p,q ,
where Hn−p,q is the Dolbeault cohomology group Hn−p,q(M). This leads to the following
proposition.
Proposition 2.2.
H0(L(−D)) = H0(M, KM ) ∼= Hn,0
H1(L(−D)) = H1(M, KM )⊕ H0(M,Θ ⊗ KM ) ∼= Hn,1 ⊕ Hn−1,0
H2(L(−D)) = H2(M, KM )⊕ H1(M,Θ ⊗ KM )⊕ H0(M,∧2Θ ⊗ KM )
∼= Hn,2 ⊕ Hn−1,1 ⊕ Hn−2,0.
We define vector bundles E• as follows:
E−1 = U−n, E0 = U−n+1,
E1 = U−n ⊕U−n+2, E2 = U−n+1 ⊕U−n+3.
Then we obtain the complex using the exterior derivative d:
0 −→ E−1 d−→ E0 d−→ E1 d−→ E2 d−→ · · · .
The cohomology groups H•(E•) of the complex (E•, d) are given by the direct sum of the
Dolbeault cohomology groups:
H−1(E•) = Hn,0
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H0(E•) = Hn,1 ⊕ Hn−1,0
H1(E•) = Hn,2 ⊕ Hn−1,1 ⊕ Hn−2,0 ⊕ Hn,0
H2(E•) = Hn,3 ⊕ Hn−1,2 ⊕ Hn−2,1 ⊕ Hn−3,0 ⊕ Hn,1 ⊕ Hn−1,0.
Let ε1 be a smooth global section of ∧2 L(−D) ⊕ ∧0 L(−D) with dε1 · Ω = 0. For such
a section ε1 of ∧2 L(−D) ⊕ ∧0 L(−D), we construct a family of smooth global sections ε(t)
of ∧0 L(−D) ⊕ ∧2 L(−D) that yields deformations of maximal isotropic sub-bundles {L t },
given by
L t := Adeε(t) L = { E + [ε(t), E] | E ∈ L }, (2.2)
where eε(t) is an element of the spin group of T ⊕ T ∗ that acts on L by adjoint action [9,12].
Then the decomposition (T ⊕ T ∗)C = L t ⊕ L t gives an almost generalized complex structure
Jt whose eigenspaces are L t and L t , where L t is the complex conjugate of L t . Thus, a family
of section {ε(t)} yields deformations of almost generalized complex structures {Jt }, where t is a
parameter of the deformation. A family of section ε(t) is given in the form of power series:
ε˜(t) = ε1t + ε2 t
2
2! + ε3
t3
3! + · · · .
If Jt is integrable, deformations Jt given by a family of smooth global sections ε(t) of
∧0 L(−D) ⊕ ∧2 L(−D) are called K -deformations of generalized complex structures. The
structures Jt are integrable if and only if the family of global sections ε(t) satisfies the
Maurer–Cartan equation
∂ε(t)+ 1
2
[ε(t), ε(t)]S = 0,
where [ε(t), ε(t)]S ∈ Γ (X,∧3 L(−D)) denotes the Schouten bracket of ε(t). The action of eε(t)
onΩ gives a non-degenerate, pure spinor eε(t) ·Ω , which induces the almost generalized complex
structure Jt . It is crucial to solve the following equation:
deε(t) · Ω = 0 (2.3)
rather that the Maurer–Cartan equation.1 We thus have the following proposition.
Proposition 2.3. Let ε(t) be a family of smooth global sections of ∧0 L(−D) ⊕ ∧2 L(−D). If
ε(t) satisfies the equation deε(t) · Ω = 0, then Jt is integrable.
Proof. Eq. (2.3) is equivalent to
e−ε(t) deε(t) · Ω = 0. (2.4)
Let πU−n+3 be the projection to the component U
−n+3. Then we have [9]
πU−n+3

e−ε(t) deε(t)

· Ω = πU−n+3dΩ + πU−n+3 [d, ε(t)] · Ω +
1
2
[ε(t), ε(t)]SΩ (2.5)
=

∂ε(t)+ 1
2
[ε(t), ε(t)]S

· Ω = 0. (2.6)
1 Gualtieri used the Maurer–Cartan equation to construct a general theory for deformations of generalized complex
structures. However, (2.3) for d-closed pure spinors is suitable for obtaining unobstructed deformations by the unified
method [6,7,9], where a degree-zero component, in addition to a degree-2 component, naturally appears.
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It thus follows that ∂ε(t)+ 12 [ε(t), ε(t)]S = 0 on the complement X \ D. Since ε(t) is a smooth
section on X , we have ∂ε(t)+ 12 [ε(t), ε(t)]S = 0 on X . 
Theorem 2.4. Let M = (X, J ) be a compact Ka¨hler manifold of dimension n and let J the
generalized complex structure given by J . We suppose that M has an effective anti-canonical
divisor D. Then for every smooth global section ε1 of ∧2 L(−D)⊕∧0 L(−D) with dε1 ·Ω = 0,
there is a family of smooth global sections ε(t) of ∧2 L(−D)⊕∧0 L(−D) such that Jt defined by
ε(t) is an integrable generalized complex structure and ddt ε(t)|t=0 = ε1, where t is a deformation
parameter that is sufficiently small.
Proof. We construct a family of smooth global sections ε(t) = ε1t + ε2 t22! + · · · of ∧2 L(−D)⊕
∧0 L(−D) for every section ε1 of ∧2 L(−D)⊕∧0 L(−D) with dε1 · Ω = 0 that satisfies
deε(t) · Ω = 0. (2.7)
Let

eε(t)

[i] be the i th term of e
ε(t) in t . Since both ε1 · Ω and Ω are d-closed, we have
deε(t)

[1] · Ω =

e−ε(t)deε(t)

[1] = dε1 · Ω = 0. We construct ε(t) by induction on t . We
assume that there already exists a set of sections ε1, . . . , εk−1 of ∧2 L(−D) ⊕ ∧0 L(−D) such
that 
deε(t) · Ω

[i] = 0, 0 ≤ for all i < k. (2.8)
Assumption (2.8) is equivalent to
e−ε(t) d eε(t)

[i] · Ω = 0, 0 ≤ for all i < k. (2.9)
Then the kth term is given by
e−ε(t) d eε(t)

[k] · Ω =

i+ j=k

e−ε(t)

[i]

deε(t)

[ j] · Ω =

deε(t)

[k] · Ω . (2.10)
It follows from (2.5) that
e−e(t) d eε(t)

[k] · Ω = (dε(t))[k] · Ω +
1
2
([ε(t), ε(t)]S)[k] · Ω . (2.11)
Let Obk be the non-linear term 12 ([ε(t), ε(t)]S)[k] · Ω . Since [ε(t), ε(t)]S is a section of
∧3 L(−D)⊕∧1 L(−D),Obk is a section of E2 = U−n+3 ⊕U−n+1. It follows from (2.10) that
Obk is a d-exact differential form. Hence, Obk defines the cohomology class [Obk] ∈ H2(E•)
of the complex (E•, d). Since M is a Ka¨hler manifold, we apply the ∂∂ lemma to obtain the
injective map p2 from H2(E•) to the direct sum of the de Rham cohomology groups. Since Obk
is d-exact, the image of the class is p2([Obk]) = 0. Hence, the class [Obk] ∈ H2(E•) vanishes,
since the map p2 is injective. Then Hodge decomposition of the complex (E•, d) shows that
Obk = dd∗G(Obk), where d∗ is the formal adjoint and G is the Green operator of the complex
(E•, d). Thus, there is a unique section εk of ∧2 L(−D)⊕∧0 L(−D) such that
1
k!εk · Ω = −d
∗G(Obk) ∈ E1,
since ∧2 L(−D) ⊕ ∧0 L(−D) ∼= E1 = U−n ⊕ U−n+2. It follows that 1k!dεk · Ω =
−dd∗G(Obk) = −Obk . Then εk satisfies the equation

e−e(t) d eε(t)

[k] = 0. Thus, by induction
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we obtain the power series ε(t) that satisfies (2.7). As in a previous study [9], the power ε(t) is a
convergent series that is smooth. 
We now obtain unobstructed K -deformations.
Theorem 2.5. Let M = (X, J ) be a compact Ka¨hler manifold of dimension n and let J be the
generalized complex structure given by J . If M has an effective anti-canonical divisor D, then
M admits unobstructed K -deformations of generalized complex structures {Jt }, starting with
J0 = J , that are parameterized by an open set of H2(L(−D)) ∼= Hn,2 ⊕ Hn−1,1 ⊕ Hn−2,0
with the origin. That is, there is a family of smooth global sections ε(t) of the sheaf ∧2 L(−D)
such that Jt defined in (2.2) is an integrable generalized complex structure and ddt ε(t)|t=0 = ε1
for every representative ε1 of H2(L(−D)) for small t , where t is a deformation parameter.
Proof. Let ε1 be a representative of the cohomology group H2(L(−D)). Then ε1 ·Ω is a smooth
differential form with ∂ε1 · Ω = 0. It follows from the ∂∂ lemma that there is a function k1 of
∧0 L(−D) that satisfies d(ε1 + κ1) · Ω = 0. We set ε˜1 = ε1 + κ1. Applying Theorem 2.4, we
obtain a section ε˜(t) of ∧2 L(−D)⊕∧0 L(−D) with deε˜(t) · Ω = 0. The section ε˜(t) is written
as ε˜(t) = ε(t)+ κ(t), where ε(t) ∈ ∧2 L(−D) and κ ∈ ∧0 L(−D). Since Adeε˜(t) = Adeε(t) , the
section ε(t) = ε1t + 12!ε2t2 + · · · gives the K -deformations required. 
By taking ε(t) as a family of global sections of ∧2 L(−D) ∩ (T 1,0 ⊗ Ω0,1), we have un-
obstructed deformations of the usual complex structures Jt given by the adjoint action Adeε(t) ,
where Adeε(t) is a family of sections of GL(T X,C). Thus, we obtain the following corollary,
already described by Miyajima for deformations of a normal isolated singularity [17].
Corollary 2.6. There is a family of deformations of complex structures {Jt } starting with J0 = J
that satisfies
d
dt
ε(t)

t=0
= ε1
for every representative ε1 of H1(M,Θ(−D)).
For Ka¨hler surfaces, we obtain the following.
Corollary 2.7. Let S be a compact Ka¨hler surface with the complex structure J and a Ka¨hler
form ω. If S has an effective anti-canonical divisor [D] = −KS , then S admits unobstructed
deformations of generalized complex structures parameterized by an open set of the full
cohomology group H0(S)⊕ H2(S)⊕ H4(S) of even degree on S.
Proof. Since −KS is effective, then we have vanishing H2(S,OS) = H0(S, KS) ∼=
H0(S, ID) = {0}. Thus, H2(S) ∼= H1,1. Then the result follows from Theorem 2.4. 
3. K -deformations of generalized complex structures in terms of CL2(−D)
Let ∧r L(−D) be the complex conjugate of the bundle ∧r L(−D). A section of ∧r L(−D)
is locally written as f a for f ∈ ID and a ∈ ∧r L. Let
∧2 L(−D)⊕∧2 L(−D)R be the real
part of the bundle ∧2 L(−D) ⊕ ∧2 L(−D), which is a sub-bundle of CL2. We define a bundle
CL2(−D) as
CL2(−D) :=

∧2 L(−D)⊕∧2 L(−D)
R ⊕∧0 L(−D).
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Lemma 3.1. For small deformations of almost generalized complex structures Jt given by a
family of smooth global sections ε(t) of ∧2 L(−D)⊕∧0 L(−D) as in (2.2), there exists a unique
family of global sections a(t) of the bundle CL2(−D) such that
eε(t) · Ω = ea(t) · Ω ,
that is, Jt = Adea(t)J0.
Conversely, if we have a family of deformations of almost generalized complex structure
Jt = Adea(t)J0 given by the action of a family of global sections a(t) of CL2(−D), then there
exists a unique family of global sections ε(t) of ∧2 L(−D) ⊕ ∧0 L(−D) such that Jt is given
by the action of ε(t) and εa(t) · Ω = eε(t) · Ω .
Proof. For a section ε of ∧2 L(−D)⊕∧0 L(−D), we have a unique a ∈ Γ (X,CL2(−D)) such
that eε ·Ω = ea ·Ω . Conversely, there is a unique section ε of ∧2 L(−D)⊕∧0 L(−D) such that
eε · Ω = ea · Ω for any section a of CL2(−D). Applying the method previously described [9],
we obtain the result. 
The operator e−a(t) ◦ d ◦ ea(t) acting on K J = U−n , as previously discussed [7], is a
Clifford–Lie operator of order 3 whose image is in U−n+1 ⊕U−n+3.
It has been shown that the almost generalized complex structure Jt = Adea(t)J is integrable
if and only if the projection to the component U−n+3 vanishes [9], that is,
πU−n+3e
−a(t) ◦ d ◦ ea(t) · Ω = 0.
In particular, e−a(t) ◦ d ◦ ea(t) · Ω = 0 implies that Jt is integrable. Let

e−a(t) ◦ d ◦ ea(t)[k] be
the kth term of e−a(t) ◦ d ◦ ea(t). Thus, by Theorem 2.4 and Lemma 3.1, we have the following
proposition.
Proposition 3.2. Let M = (X, J ) be a compact Ka¨hler manifold with Ka¨hler form ω. We assume
that M has an effective anti-canonical divisor D. If there is a set of global sections a1, . . . , ak−1
of CL2(−D) that satisfies
e−a(t) dea(t)

[i] · Ω = 0, 0 ≤ for all i < k (3.1)
and ∥a(t)∥s ≪k−1 C1 M(t), then there is a global section ak of CL2(−D) that satisfies the
following conditions:
e−a(t) dea(t)

[k] · Ω = 0,
∥a(t)∥s ≪
k
C1λM(t),
where a(t) = ∞i=1 1i !ai t i , M(t) is the convergent series (7.3), C1 is a positive constant and∥a(t)∥s denotes the Sobolev norm of a(t).
(The proof of inequality ∥a(t)∥s ≪k C1λM(t) has already been published [9]; see
Propositions 1.1 and 1.4 in [10] for more detail.)
4. Deformations of generalized Ka¨hler structures
Let (X, J, ω) be a compact Ka¨hler manifold with an effective anti-canonical divisor D and let
(J ,Jψ ) be the generalized Ka¨hler structure induced from (J, ω) by J = JJ and ψ = e
√−1ω.
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Since two generalized complex structures J and Jψ commute, the generalized Ka¨hler structure
(J ,Jψ ) gives the simultaneous decomposition of (T ⊕ T ∗)C,
(T ⊕ T ∗)C = L+J ⊕ L−J ⊕ L
+
J ⊕ L−J ,
where L+J ⊕ L−J is the eigenspace with eigenvalue i with respect to J , and L+J ⊕ L
−
J is the
eigenspace with eigenvalue i with respect toJψ ; L±J denotes the complex conjugate. I previously
presented a stability theorem for generalized Ka¨hler structures with one pure spinor [9,8], which
implies that if there is a one-dimensional analytic deformation of generalized complex structures
{Jt } parameterized by t , then there exists a family of non-degenerate, d-closed pure spinors ψt
such that the family of pairs (Jt , ψt ) becomes deformations of generalized Ka¨hler structures
starting from (J , ψ) = (J0, ψ0). As in Section 2, small K -deformations Jt are given by the
adjoint action of a family of sections a(t) of CL2(−D),
Jt := Adea(t)J0.
Then we can obtain a family of real sections b(t) of the bundle (L−J0 · L
+
J0 ⊕ L
−
J0 · L+J0)R
such that ψt = ea(t)eb(t)ψ0 is a family of non-degenerate, d-closed pure spinors. The bundle
K 1 = U 0,−n+2 is generated by the action of real sections of (L−J0 · L
+
J0 ⊕ L
−
J0 · L+J0) on ψ
[8, p. 125].
We define a family of sections Z(t) of CL2 as
eZ(t) = ea(t) eb(t).
Since Adeb(t)J0 = J0, we obtain Jt = Adea(t)J0 = Adea(t) Adeb(t)J0 = AdeZ(t)J0. Then the
family of deformations of generalized Ka¨hler structures is given by the action of eZ(t),
(Jt , ψt ) =

AdeZ(t)J0, eZ(t) · ψ

.
Using a similar method as in [8] together with Proposition 3.2, we obtain the following
proposition.
Proposition 4.1. Let M = (X, J ) be a compact Ka¨hler manifold with Ka¨hler form ω. We assume
that M = (X, J ) has an anti-canonical divisor D. If there is a set of sections a1, . . . , ak−1 of
CL2(−D) that satisfies
e−a(t) dea(t)

[i] · Ω = 0, 0 ≤ for all i < k
and ∥a(t)∥s ≪k−1 K1 M(t) for a positive constant K1, then there is a set of real sections
b1, . . . , bk of the bundle (L
−
J0 · L
+
J0 ⊕ L
−
J0 · L+J0) that satisfies the following equations:
e−Z(t) deZ(t)

[k] · Ω = 0 (4.1)
deZ(t) · ψ0

[i] = 0, for all i ≤ k (4.2)
∥a(t)∥s ≪
k
K1λM(t) (4.3)
∥b(t)∥s ≪
k
K2 M(t), (4.4)
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where ak is the section constructed in Proposition 3.2, eZ(t) = ea(t) eb(t), M(t) is the convergent
series in Proposition 3.2 and K2 is a positive constant determined by λ and K1. The constant λ
in M(t) is sufficiently small and is suitably selected to show the convergence of the power series
Z(t) [9].
5. Deformations of bi-Hermitian structures
Let (Jt , ψt ) be deformations of generalized Ka¨hler structures given by a family of sections
Z(t) as in Section 4. There is one-to-one correspondence between generalized Ka¨hler structures
and bi-Hermitian structures with condition (1.1) [11]. Thus, deformations (Jt , ψt ) yield
deformations of bi-Hermitian structures (J+t , J−t , ht ). Then there is a family of sections Γ±t ∈
GL(T ) such that J±t = Γ±t ◦ J ◦ (Γ±t )−1. In this section we describe Γ±t explicitly and give
properties of Γ±t that are necessary to obtain Theorem 6.1.
Since (Jt ,Jψt ) is a generalized Ka¨hler structure and Jt commutes with Jψt , we have the
simultaneous decomposition of (T ⊕ T ∗)C into four eigenspaces as before,
(T ⊕ T ∗)C = L+Jt ⊕ L−Jt ⊕ L+Jt ⊕ L−Jt ,
where each eigenspace is given by the intersection of eigenspaces of both Jt and Jψt :
L−Jt = LJt ∩ Lψt , L+Jt = LJt ∩ Lψt
L+Jt = LJt ∩ Lψt , L−Jt = LJt ∩ Lψt ,
where LJt is the eigenspace of Jt with eigenvalue i , and Lψt denotes the eigenspace of Jψt with
eigenvalue i . Since Jt = AdeZ(t)(J0) = AdeZ(t) ◦J0 ◦Ade−Z(t) and Jψt = AdeZ(t)(Jω), we have
isomorphism between the eigenspaces:
AdeZ(t) : L±J0 → L±Jt .
Let π be the projection from T ⊕ T ∗ to the tangent bundle T . We restrict the map π to the
eigenspaces L±Jt . Then T
1,0
J±t
is given by the image of L±Jt :
T 1,0
J±t
= π(L±Jt ), (5.1)
where T 1,0
J±t
denotes the complex tangent bundle of type (1, 0) with respect to J±t . Let g be the
Riemannian metric of the Ka¨hler manifold (X, ω, J ). Then the sub-bundles C± are given by
C± := {v ± g(v, ) | v ∈ T }, which are the eigenspaces of the generalized metric G. We also
restrict the map π to C± and then obtain the isomorphisms π± : C± ∼= T . We define Γ±t as
Γ±t := π ◦ AdeZ(t) ◦ π−1± ∈ GL(T ), (5.2)
where π−1± denotes the inverse map from T to C±.
Lemma 5.1. Deformations J±t are given by the adjoint actions of Γ±t , that is, J±t = Γ±t ◦ J ◦
(Γ±t )−1.
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Proof. It follows from (5.1) that π−1± (T
1,0
J ) = L±J0 . Then we obtain the following commutative
diagram:
L±J0
AdeZ(t) /
π±

L±Jt
π±

T 1,0J Γ±t
/ T 1,0
J±t
The result then follows. 
Since eZ(t) = ea(t)eb(t), we have Γ±t = π ◦ Adea(t) ◦ Adeb(t) ◦ π−1± . We also write Γ±t as
Γ±(a(t), b(t)).
Lemma 5.2. Let (Γ±t )[k] be the kth term of Γ±t as before. Then (Γ±t )[k] is given by
(Γ±t )[k] =
1
k!π ◦ (adak + adbk ) ◦ π
−1± + Γ±k (a<k, b<k),
where the second term Γ±k (a<k, b<k) depends only on a1, . . . , ak−1 and b1, . . . , bk−1. Note that
(Γ±t )[0] = idT .
Proof. Substituting the identity AdeZ(t) = id+ adZ(t) + 12! (adZ(t))2 + · · ·, we have
Γ±t = π ◦ AdeZ(t) ◦ π−1± (5.3)
= π ◦
 ∞
i=0
1
i !ad
i
Z(t) ◦ π−1±

. (5.4)
Then kth term is given by

Γ±t

[k] = π ◦

adZ(t) ◦ π−1±

[k] +
k
i=2
π ◦

1
i !ad
i
Z(t) ◦ π−1±

[k]
(5.5)
= 1
k!π ◦ (adak + adbk ) ◦ π
−1± + Γ±k (a<k, b<k), (5.6)
where Γ±k (a<k, b<k) denotes the non-linear term that depends only on a1, . . . , ak−1 and
b1, . . . , bk−1. 
Lemma 5.3. Let b be a section of the bundle (L−J · L
+
J ⊕ L−J · L+J ). Then we have
[π ◦ Adeb ◦ π−1± , J ] = 0 ∈ End(T ).
Proof. Since AdebJ = J , we have Adeb ◦ π−1± (T 1,0J ) ⊂ LJ . Since π(LJ ) = T 1,0J , the result
follows. 
The tensor space T⊗T ∗ defines a sub-bundle of CL2, written as T ·T ∗. An element γ ∈ T ·T ∗
gives the endomorphism adγ by adγ E = [γ, E] for E ∈ T ⊕ T ∗, which preserves the tangent
bundle T and the cotangent bundle T ∗. We also regard adγ as a section of End(T ).
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Lemma 5.4. Let γ be an element of T · T ∗. Then we have
π ◦ adγ ◦ π−1± = adγ ∈ End(T ).
Proof. For a tangent vector v ∈ T , we have adγ ◦ π−1± (v) = adγ (v) + adγ (g(v, )). Since
adγ (v) = [γ, v] ∈ T and adγ (g(v, )) ∈ T ∗, we obtain the result. 
Lemma 5.5. We assume that there is a set of sections a1, . . . , ak of CL2(−D) and real sections
b1, . . . , bk of (L
−
J0 · L
+
J0 ⊕ L
−
J0 · L+J0) that satisfies the following equations:
e−Z(t) d eZ(t)

[i] · Ω = 0, 0 ≤ ∀ i ≤ k
deZ(t) · ψ0

[i] = 0, 0 ≤ ∀ i ≤ k
[(Γ±t )[i], J ] = 0, 0 ≤ ∀ i < k.
Then the kth term (Γ±t )[k] satisfies
πU−n+3 [ d, (Γ±t )[k] ] = 0,
where [ d, (Γ±t )[k] ] is an operator from U−n = KJ to U−n+1 ⊕ U−n+3 and πU−n+3 denotes
the projection to the component U−n+3.
Proof. Since the obstruction to K -deformations of generalized complex structures vanishes, we
obtain a family of section aˇ(t) with aˇi = ai for i = 1, . . . , k such that aˇ(t) gives K -deformations
of generalized complex structures, that is,
πU−n+3e
−aˇ(t)deaˇ(t) · Ω = 0.
Then the stability theorem for generalized Ka¨hler structures [9] provides deformations of
generalized Ka¨hler structures with one pure spinor,
(Ad
e Zˇ(t)
J0, e Zˇ(t)ψ0),
where e Zˇ(t) = eaˇ(t)ebˇ(t), where bˇ(t) is a family of real sections with bˇi = bi , for i = 1, . . . , k.
From the correspondence between generalized Ka¨hler structures and bi-Hermitian structures, we
have the family of bi-Hermitian structures (J+t , J−t ) given by the action of Γˇ±t := Γ±t (aˇ(t), bˇ(t))
of GL(T ). Since J±t is integrable, we have
πU−n+3

(Γˇ±t )−1 d Γˇ±t

= 0. (5.7)
LetΩ be a d-closed meromorphic form of type (n, 0) with a simple pole along D as before. Then
we have
dΓ±t Ω ≡k Γ
±
t E(t)Ω .
Since dΩ = 0, the degree of E(t) is greater than or equal to 1. The condition [(Γ±t )[i], J ] =
0(0 ≤ i < k) implies that (Γ±t )[i]E(t)Ω ∈ U−n+1J . Thus, we have
d(Γ±t )[k]Ω =

i+ j=k
0<i, j<k
(Γ±t )[i]E(t)[ j]Ω ∈ U−n+1J .
Hence, πU−n+3 [d, (Γ±t )[k]] = 0. 
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Lemma 5.6. For a section a of CL2(−D) and every section P of End (T ⊕ T ∗), we define a
section ζ of T · T ∗ as
adζ = [π ◦ ada ◦ P|T , J ].
Then ζ is a section of CL2(−D), where P|T : T → T ⊕T ∗ denotes the restriction to the tangent
bundle T .
Proof. As in Section 2, we have
∧2 L(−D) = (Ω0,2 ⊗ [−D])⊕ (T 1,0 ⊗ Ω0,1 ⊗ [−D])⊗ (T 2,0 ⊗ [−D]).
Thus, a section ε ∈ ∧2 L(−D) gives π ◦ adε(E) ∈ T 1,0(−D) for all E ∈ T ⊕ T ∗. Since
CL2(−D) = (∧2 L(−D) ⊕ ∧2 L(−D))R ⊕ ∧0 L(−D), we have π ◦ ada(E) ∈ T 1,0(−D) ⊕
T 0,1(−D) for all E ∈ T⊕T ∗. Hence, π◦ada◦P|T is a section of

T 1,0(−D)⊕ T 0,1(−D)⊗Ω1.
Thus, [π ◦ ada ◦ P|T , J ] is a section of (T 1,0(−D)⊗Ω0,1)⊕ (T 0,1(−D)⊗Ω1,0), which is the
sub-bundle ∧2 L(−D)⊕∧2 L(−D). Therefore, ζ is a real section of ∧2 L(−D)⊕∧2 L(−D) ⊂
CL2(−D). 
Lemma 5.7. We define a section ζk of T · T ∗ as adζk =

(Γ+t )[k], J
 ∈ End (T ) for a section
a(t) of CL2(−D) and b(t) ∈ (L−J · L
+
J ⊕ L−J · L+J ), where (Γ+t )[k] := Γ+(a(t), b(t))[k]. Then
ζk is a section of CL2(−D). Furthermore, we define γk as
adγk :=
−1
(2
√−1)2 [adζk , J ].
Then γk ∈ T · T ∗ is also a section of CL2(−D) that satisfies
adζk + [adγk , J ] = 0.
Proof. Let Q be Adeb(t) ◦ π−1+ . Then we have
Γ+t = π ◦ Adea(t) ◦ Q (5.8)
= π ◦ (Adea(t) − id) ◦ Q + π ◦ Q. (5.9)
From Lemma 5.3, we have [π ◦ Q, J ] = 0. Thus, [Γ+t , J ] = [π ◦ (Adea(t) − id) ◦ Q|T , J ] since
we have Adea(t) − id = ada(t) ◦ R, where R =
∞
j=1 1j !ad
j−1
a(t) . If we set P = R ◦ Q, we have
[Γ+t , J ] = [π◦ada(t)◦P|T , J ]. Then it follows from Lemma 5.6 that ζk is a section of CL2(−D).
We decompose adζk by adζk = (adζk )′+(adζk )′′, where (adζk )′ ∈ T 1,0(−D)⊗Ω0,1 and (adζk )′′ ∈
T 0,1(−D) ⊗ Ω1,0. Then the bracket is given by [adζk , J ] = −2
√−1(adζk )′ + 2
√−1(adζk )′′ ∈
CL2(−D). Thus, γk is also a section of CL2(−D) that satisfies adζk + [adγk , J ] = 0. 
Lemma 5.8. Let Γ+t be a section of GL(T ) given in Lemma 5.5 and let ζk and γk be as
in Lemma 5.7. Then there is a global function ρk of ∧0 L(−D) such that
dγk · Ω = d(ρkΩ).
Proof. The condition πU−n+3 [ d, (Γ+t )[k] ] = 0 in Lemma 5.5 implies that (dΓ±t )[k] · Ω ∈
U−n+1. Thus, we have dγk · Ω ∈ U−n+1. Since adγk is a section of GL(T ), we see that dγk · Ω
is a d-exact form of type (n, 1). Applying the ∂∂ lemma, dγk ·Ω = dρkΩ for a smooth function
ρk . Since ρkΩ is smooth, ρk is a global function of ∧0 L(−D). 
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6. Bi-Hermitian structures on compact Ka¨hler surfaces
Let S be a compact Ka¨hler surface with a Ka¨hler form ω with an anti-canonical divisor
D. The divisor D is given as the zero locus of a section β ∈ H0(S, K−1) ∼= H0(S,∧2Θ).
Then the section β is also regarded as a section of H0(S,∧2Θ(−D)), which is a holomorphic
Poisson structure vanishing along the divisor D. The contraction β ·ω of β by ω is defined by the
commutator [β, ω], which is a ∂-closed T 1,0-valued form of type (0, 1). Let Ω be β−1, which is
the meromorphic 2-form on S with a pole along the divisor D with β · Ω = 1. Then we have
(β · ω) · Ω = [β, ω] · Ω = −ω
since ω · Ω = 0. Thus, β · ω is a section of T 1,0(−D) ⊗ Ω0,1, which gives the class
[β · ω] ∈ H1(S,Θ(−D)).
Applying unobstructed deformations in Theorem 2.4, we obtain the following theorem.
Theorem 6.1. Let S be a compact Ka¨hler surface with complex structure J and Ka¨hler form ω.
Let g be the Ka¨hler metric on the Ka¨hler surface (S, J, ω). If there is a non-zero holomorphic
Poisson structure β on S, then the surface S admits deformations of bi-Hermitian structures
(J, J−t , ht ) that satisfy J−0 = J, h0 = g and
d
dt
J−t

t=0
= −2(β · ω + β · ω), (6.1)
where β · ω is the ∂-closed T 1,0-valued form of type (0, 1) that gives the Kodaira–Spencer class
−2[β · ω] ∈ H1(S,Θ) of the deformations {J−t }. In particular, if the class [β · ω] ∈ H1(S,Θ)
does not vanish, then (J, J−t , ht ) is a distinct bi-Hermitian structure for small t ≠ 0.
Proof. For a family of sections a(t) of CL2(−D) and real sections b(t) of (L−J ·L
+
J ⊕L−J ·L+J )R,
we define a family of section Z(t) of CL2 by eZ(t) = ea(t) eb(t), where (L−J · L
+
J ⊕ L−J · L+J )R
denotes the real sub-bundle of the bundle (L−J · L
+
J ⊕ L−J · L+J ). Since b(t) · Ω = 0, we have
deZ(t) · Ω = dea(t) eb(t) · Ω = dea(t) · Ω .
Then, since a(t) is a section of CL2(−D), deZ(t) · Ω is a smooth differential form on S. The
action of Z(t) ∈ CL2 gives rise to almost bi-Hermitian structures (J+t , J−t , ht ) with J±0 = J
and h0 = g.
We now construct a(t) and b(t) that satisfy the following three equations:
deZ(t) · Ω = 0 (6.2)
deZ(t) · ψ = 0 (6.3)
J+t = J. (6.4)
As in Section 5, the structure J±t is described by the adjoint action of a section Γ±t = Γ±(a(t),
b(t)) ∈ GL(T ). Then the equation J+t = J is equivalent to [Γ+t , J ] = 0. Let

deZ(t)

[i] be the
i th term of

deZ(t)

in t and let (Γ+t )[i] be the i th term of (Γ+t ) in t . Thus, the three equations
are reduced to the following equations for all integers i ≥ 0:
deZ(t)

[i] · Ω = 0 (6.5)
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deZ(t)

[i] · ψ = 0 (6.6)
[(Γ+t )[i], J ] = 0. (6.7)
We now construct our solutions by induction on i .
First, we set aˆ1 := β+β. Then Proposition 4.1 yields a real section bˆ1 ∈

L−J ·L
+
J⊕L−J ·L+J
R
such that
d(aˆ1 + bˆ1) · Ω = dβ · Ω = 0 (6.8)
d(aˆ1 + bˆ1) · ψ = 0, (6.9)
where we set β · Ω = 1. Let Γ+(aˆ1, bˆ1) be the first term (Γ+t )[1] in t for aˆ1, bˆ1. Then from
Lemma 5.2, we have
Γ+(aˆ1, bˆ1) = π ◦

(adaˆ1 + adbˆ1) ◦ π−1+

. (6.10)
As in Lemma 5.7, we define γ1 ∈ T · T ∗ and adζ1 as
adζ1 :=

Γ+(aˆ1, bˆ1), J

(6.11)
adγ1 :=
−1
(2
√−1)2

adζ1 , J

. (6.12)
Then it follows from Lemma 5.7 that γ1 is a section of CL2(−D) and we have
[adγ1 , J ] +

Γ+(aˆ1, bˆ1), J
 = −1
(2
√−1)2

adζ1 , J

, J
+ adζ1 = 0. (6.13)
From Lemma 5.8, we have dγ1 ·Ω = −dρ1Ω , where ρ1 is a function with ρ1Ω is a smooth form,
that is, ρ1 is a section of ∧0 L(−D). We define a1 as
a1 = aˆ1 + γ1 + ρ1. (6.14)
Then we have da1Ω = 0. Applying Proposition 4.1 again, we have a section b1 of (L−J · L
+
J ⊕
L
−
J · L+J )R such that d(a1 + b1) · ψ = 0. From Lemmas 5.2 and 5.4, we have
Γ+(a1, b1) = π ◦ (adaˆ1 + adb1 + adγ1) ◦ π−1+ (6.15)
= π ◦ (adaˆ1 + adb1) ◦ π−1+ + adγ1 . (6.16)
From Lemma 5.3, we have
[π ◦ adb1 ◦ π−1+ , J ] = [π ◦ adbˆ1 ◦ π−1+ , J ] = 0.
Then it follows from (6.13) that
Γ+(a1, b1), J
 = Γ+(aˆ1, bˆ1), J + [adγ1 , J ] = 0. (6.17)
Thus, we obtain
d(a1 + b1) · Ω = 0 (6.18)
d(a1 + b1) · ψ = 0 (6.19)
Γ+(a1, b1), J ] = 0. (6.20)
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Next we assume that there is a set of sections a1, . . . , ak−1 of CL2(−D) and sections
b1, . . . , bk−1 of (L−J · L
+
J ⊕ L−J · L+J )R such that
deZ(t)

[i] · Ω = 0 (6.21)
deZ(t)

[i] · ψ = 0 (6.22)
Γ+(a(t), b(t))[i], J
 = 0 (6.23)
for all 0 ≤ i < k, where deZ(t)[i] denotes the i th term of deZ(t) in t and Γ+(a(t), b(t))[i] is
the i th term of Γ+(a(t), b(t)) for a(t) =k−1j=1 t jj !a j , b(t) =k−1j=1 t jj !b j . Then Proposition 4.1
yields a section aˆk of CL2(−D) and a section bˆk of (L−J · L
+
J ⊕ L−J · L+J )R such that
de Zˆ(t) · Ω

[k] =

deaˆ(t) · Ω

[k] = 0, (6.24)
de Zˆ(t) · ψ

[k] = 0, (6.25)
where Zˆ(t) is a section of CL2 given by e Zˆ(t) = eaˆ(t) ebˆ(t) and
aˆ(t) =
k−1
j=1
t j
j !a j +
tk
k! aˆk, bˆ(t) =
k−1
j=1
t j
j !b j +
tk
k! bˆk .
Then for the section Γ+(aˆ(t), bˆ(t)) of GL(T ), as in Lemma 5.7, we define γk ∈ T · T ∗ and
adζk as
adζk :=

Γ+(aˆ(t), bˆ(t))[k], J

(6.26)
adγk :=
−k!
(2
√−1)2

adζk , J

. (6.27)
Then from Lemma 5.7 it is evident that γk is a section of CL2(−D) and we have
1
k!

adγk , J
+ Γ+(aˆ(t), bˆ(t))[k], J  = 0. (6.28)
Lemma 5.8 shows that dγk · Ω = −dρk · Ω for a global function ρk of ∧0 L(−D). We define
ak ∈ CL2(−D) as
ak := aˆk + γk + ρk . (6.29)
Then we have
dea(t)

[k] Ω =

deaˆ(t)

[k] · Ω + d(γk + ρk) · Ω = 0.
Applying Proposition 4.1 again, we have a section bk of

L
+
J · L−J ⊕ L+J · L
−
J
R
with
deZ(t) · ψ[k] = 0, where Z(t) = log ea(t) eb(t). As in Lemma 5.2, (Γ+t )[k] = Γ+(a(t),
b(t))[k] satisfies the following:
[Γ+(a(t), b(t))[k], J ] = 1k! [π ◦ (adak + adbk ) ◦ π
−1± , J ] + [Γ±k (a<k, b<k), J ]. (6.30)
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Substituting (6.29) into (6.30) and using Lemmas 5.3 and 5.4, we have
[Γ+(a(t), b(t))[k], J ] = 1k! [π ◦ (adaˆk + adγk ) ◦ π
−1± , J ] + [Γ±k (a<k, b<k), J ]
= 1
k! [π ◦ adaˆk ◦ π
−1± , J ] + [Γ±k (a<k, b<k), J ] + 1k! [adγk , J ].
From Lemmas 5.2 and 5.3 we also have
[Γ+(aˆ(t), bˆ(t))[k], J ] = 1k! [π ◦ adaˆk ◦ π
−1± , J ] + [Γ±k (a<k, b<k), J ]. (6.31)
Thus, from (6.28) we obtain
[Γ+(a(t), b(t))[k], J ] = 1k!

adγk , J
+ Γ+(aˆ(t), bˆ(t))[k], J  = 0, (6.32)
where a(t) =kj=1 t jj !a j and b(t) =kj=1 t jj !b j . Thus, Z(t) satisfies the equations
deZ(t)

[k] · Ω = 0 (6.33)
deZ(t)

[k] · ψ = 0 (6.34)
Γ (a(t), b(t))[k], J
 = 0. (6.35)
In Section 6 we show that the formal power series Z(t) is a convergent series that is smooth.
Then sections a(t) and b(t) give deformations of bi-Hermitian structures (J+t , J−t , ht ). Finally,
we show that the family of deformations satisfies (6.1) in Theorem 6.1. We already have
[Γ+t , J ] = 0, which implies that J+t = J . From Lemmas 5.2 and 5.3, the first term of J−t is
given by
[(Γ−t )[1], J ] = [π ◦ (adaˆ1 + adγ1 + adbˆ1) ◦ π−1− , J ]
= [adγ1 + π ◦ adaˆ1 ◦ π−1− , J ].
Since aˆ1 = β + β, we have π ◦ adaˆ1 |T = 0. We also have
[adγ1 , J ] = [(π ◦ adγ1 ◦ π−1− ), J ] = −[Γ+(aˆ1, bˆ1), J ].
Thus, we obtain
[(Γ−t )[1], J ] = 2[(π ◦ adaˆ1 ◦ π−1− ), J ].
Then we have for a vector v,
2(π ◦ adaˆ1 ◦ π−1− )v = −2

β + β, [ω, Jv]
= −2[β + β, ω], Jv = −2(β · ω + β · ω)Jv.
Thus, it follows that ddt J
−
t |t=0 = [(Γ−t )[1], J ] = −2(β · ω + β · ω) and the Kodaira–Spencer
class of deformations {J−t } is given by the class −2[β · ω] ∈ H1(M,Θ). If the class [β · ω] ∈
H1(M,Θ) does not vanish, then the deformations {J−t } is not trivial. Thus, (X, J−t ) is not
biholomorphic to (X, J ) for small t ≠ 0. This yields the result. 
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Theorem 6.2. A compact Ka¨hler surface S admits a non-trivial bi-Hermitian structure with the
torsion condition and the same orientation if and only if S has a nonzero holomorphic Poisson
structure.
Proof. It has previously been shown that a non-trivial bi-Hermitian structure with the torsion
condition and the same orientation has a non-zero holomorphic Poisson structure [2,13]. It
follows from Theorem 6.1 that if a compact Ka¨hler surface S has a non-zero holomorphic Poisson
structure, then S admits a nontrivial bi-Hermitian structure. The result then follows. 
7. Convergence
To show the convergence of the power series in Section 6, we use a similar method to that
in [9,10]. We also use the same notation as Kodaira [15]. Let P(t) =k Pk tk be a power series
in t whose coefficients are sections of a vector bundle on a Riemannian manifold. Let ∥Pk∥s be
the Sobolev norm of the section Pk given by the sum of the L2-norms of the i th derivative of Pk
for all i ≤ s, where s is a positive integer with s > 2n+1. We let ∥P(t)∥s =k ∥Pk∥s tk . Given
two power series P(t) and Q(t), if ∥Pk∥ ≤ ∥Qk∥ for all k, this is written as
P(t)≪ Q(t).
For a positive integer k, if ∥Pi∥ ≤ ∥Qi∥ for all i ≤ k, this is written as
P(t)≪
k
Q(t).
We also use the following notation. If Pi = Qi for all i ≤ k, this is written as
P(t)≡
k
Q(t). (7.1)
Let M(t) be a convergent power series defined by
M(t) =
∞
ν=1
1
16c
(ct)ν
ν2
=
∞
ν=1
Mν t
ν (7.2)
for a positive constant c that is determined later. The key point is the following inequality:
M(t)2 ≪ 1
c
M(t). (7.3)
We let λ = c−1. Then we also have
eM(t) ≪ 1
λ
eλM(t). (7.4)
We take λ sufficiently small, as determined later. (Note that λ gives a change of parameter t by
constant multiplication.)
As in Proposition 4.1, if there is a set of sections a1, . . . , ak−1 of CL2 that satisfies
πU−n+3

e−a(t) dea(t)

[i] = 0, for all i < k
and ∥a(t)∥s ≪k−1 K1 M(t), then there is a set of real sections b1, . . . , bk ∈ (L−J ·L
+
J ⊕L−J ·L+J )
that satisfy the following equations:
πU−n+3

e−Z(t) deZ(t)

[k] = 0 (7.5)
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deZ(t) · ψ0

[i] = 0, for all i ≤ k (7.6)
1
k! ∥aˆk∥s < K1λMk (7.7)
1
k! ∥bˆk∥s < K2 Mk, (7.8)
where aˆk is the section in Proposition 3.2 and M(t) is the convergent series in (7.3) with a
constant λ. Note that K1 is a positive constant and the positive constant K2 is determined by
λ, K1. We also have an estimate of eZ(t) = ea(t)eb(t) in [9]:
∥Z(t)∥≪k M(t).
Then γk in Lemma 5.7 satisfies
∥γk∥s < ∥Γ+k (a<k, aˆk, b<k, bˆk)∥s (7.9)
< 2∥aˆk∥s + 2∥bˆk∥s + ∥Γ+k (a<k, b<k)∥s . (7.10)
Recall that Γ+t = π

AdeZ(t) ◦ Jˆ+ ◦ Adeω

. Then we have an estimate of the non-linear term
∥Γ+k (a<k, b<k)∥s
∥Γ+k (a<k, b<k)∥s < C∥(eZ(t) − Z(t)− 1)[k]∥s,
where C denotes a constant. It follows from (7.4) that ∥(eZ(t)− Z(t)−1)[k]∥s < C(λ)Mk , where
C(λ) satisfies limλ→0 C(λ) = 0. Thus, we have
1
k! ∥γk∥s <
2
k!

∥aˆk∥s + ∥bˆk∥s

+ C(λ)Mk < 2λK1 Mk + 2K2 Mk + C(λ)Mk .
Using the Hodge decomposition and the Green operator, we also have a unique global function
ρk of ∧0 L(−D) that satisfies the following:
dρkΩ = −dγk · Ω (7.11)
∥ρk∥s ≤ C1∥γk∥s, (7.12)
where C1 is a constant. Then we obtain
1
k! ∥ak∥s <
1
k! ∥aˆk∥s +
1
k! ∥γk∥s +
1
k! ∥ρk∥s
<
1
k! ∥aˆk∥s +
1
k! (1+ C1)∥γk∥s
< λK1 Mk + 2(1+ C1)(λK1 Mk + K2 Mk + C(λ)Mk).
We take λ and K2 sufficiently small such that λK1 Mk+2(1+C1)(λK1 Mk+K2 Mk+C(λ)Mk) <
K1 Mk . Then we obtain
1
k! ∥ak∥s <
1
k! ∥aˆk∥s +
1
k! ∥γk∥s < K1 Mk .
Thus, our solution a(t) satisfies ∥a(t)∥s ≪k K1 M(t) for all k by induction. This implies that a(t)
is a convergent series. Applying Proposition 4.1 again, we have ∥b(t)∥s <k K2 M(t). Hence, b(t)
is also a convergent series. Thus, it follows that Z(t) is a convergent series.
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8. Applications
8.1. Bi-Hermitian structures on del Pezzo surfaces
A del Pezzo surface is by definition a smooth algebraic surface with ample anti-canonical line
bundles. The classification of del Pezzo surfaces is well known: they are CP1 ×CP1 or CP2 or
a surface Sn that is a magnification of CP2 at n points P1, . . . , Pn, (0 < n ≤ 8). The set of the
points Σ := {P1, . . . , Pn} must be in general position to yield a del Pezzo surface. The following
theorem is due to Demazure [5, p. 27] and shows the meaning of general position.
Theorem 8.1 ([5]). The following conditions are equivalent:
(1) The anti-canonical line bundle of Sn is ample.
(2) No three Σ points lie on a line, no six Σ points lie on a cone and no eight Σ points lie on a
cube with a double point Pi ∈ Σ .
(3) There is no curve C on Sn with −KSn · C ≤ 0.
(4) There is no curve C with C · C = −2 and KSn · C = 0.
Remark 8.2. If three points lie on a line l, then the strict transform lˆ of l in S3 is a (−2)-curve
with KS3 · lˆ = 0. If six points belong to a conic curve C , then the strict transform form Cˆ of C
is again a (−2)-curve with KS6 · C = 0. If eight points P1, . . . , P8 lie on a cubic curve with a
double point P1, then the strict transform Cˆ of C satisfies Cˆ ∼ π−1C − 2E1 − E2 − · · · − E8,
where Ei is the exceptional curve π−1(Pi ). Then we also have Cˆ2 = −2 and KS8 · Cˆ = 0.
Let D be a smooth anti-canonical divisor of Sn given by the zero locus of a section β ∈
H0(Sn, K
−1
Sn
). Since the anti-canonical bundle K−1Sn is regarded as the bundle of 2-vectors ∧2Θ
and [β, β]S = 0 ∈ ∧3Θ on Sn , every section β is a holomorphic Poisson structure. The following
are known for Sn [15]:
dim H1(Sn,Θ) =

2n − 8 (n = 5, 6, 7, 8)
0 (n < 5)
dim H0(Sn, K−1) = 10− n
and
H1,1(Sn) = 1+ n.
Furthermore, we have H2(Sn,Θ) = {0}, H1(Sn,∧2Θ) ∼= H1(Sn,−KSn ) = {0}. Hence, the
obstruction vanishes and we have deformations of generalized complex structures parameterized
by H0(Sn, K
−1
Sn
)⊕ H1(Sn,Θ).
In particular, if n ≥ 5, we have deformations of ordinary complex structures on Sn .
Proposition 8.3. Let D be a smooth anti-canonical divisor given by the zero locus of β as above.
Then there is a Ka¨hler form ω of class [β · ω] ≠ 0 ∈ H1(Sn,Θ), where n ≥ 5.
We also have H2(CP1 × CP1,Θ) = 0 and H1(CP1 × CP1,−K ) = 0.
Thus, we can apply our construction to every del Pezzo surface. From the main theorem
together with Proposition 8.3, we have the following.
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Proposition 8.4. Every del Pezzo surface admits deformations of bi-Hermitian structures
(J, J−t , ht ) with J−0 = J , which satisfies
d
dt
J−t

t=0
= −2(β · ω + β · ω) (8.1)
for every Ka¨hler form ω and every holomorphic Poisson structure β. Furthermore, a del Pezzo
surface Sn(n ≥ 5) admits distinct bi-Hermitian structures (J, J−t , ht ), that is, the complex
manifold (X, J−t ) is not biholomorphic to (X, J ) for small t ≠ 0.
Note that for small t ≠ 0, J−t ≠ ±J . We now prove Proposition 8.3.
Let β be a non-zero holomorphic Poisson structure Sn with the smooth divisor D as the
zero locus. Then β is regarded as a section of ID ⊗ ∧2 TSn , where ID denotes the ideal sheaf
of D. Thus, the section β ∈ H0(Sn, ID ⊗ ∧2 TSn ) gives an identity Ω1 ∼= ID ⊗ TSn that
induces the isomorphism βˆ : H1(Sn,Ω1) ∼= H1(Sn, ID ⊗ TSn ). The inclusion ID ⊗ TSn ⊂ TSn
induces the map j : H1(Sn, ID ⊗ TSn ) → H1(Sn, TSn ). Then we have the composite map
j ◦ βˆ : H1(Sn,Ω1) → H1(Sn, TSn ), which is given by the class [β · ω] ∈ H1(Sn, TSn ) for
[ω] ∈ H1(Sn,Ω1).
Proposition 8.5. The composite map j ◦ βˆ : H1(Sn,Ω1)→ H1(Sn, TSn ) is not the zero map.
Proof. Since the map βˆ is an isomorphism, βˆ(ω) is not zero. The following lemma shows that
the map j is non-zero. Hence, the composite map j ◦ βˆ is non-zero also. 
Lemma 8.6. The map j : H1(Sn, ID ⊗ TSn )→ H1(Sn, TSn ) is not zero.
The proof of Lemma 8.6 is given in the Appendix.
Proof of Proposition 8.3. The set of Ka¨hler class is an open cone in H1,1(Sn,R) ∼= H2(SnR).
We have the non-zero map j ◦ βˆ : H2(Sn,C) ∼= H1(Sn,Ω1) → H1(Sn,Θ) for each
β ∈ H0(Sn, K−1) with {β = 0} = D. It follows that the kernel j ◦ βˆ is a closed subspace
and the intersection ker( j ◦ βˆ) ∩ H2(Sn,R) is closed in H2(Sn,R), whose dimension is strictly
less than dim H2(Sn,R). Thus, the complement in the Ka¨hler cone[ω] : Ka¨hler class | j ◦ βˆ([ω]) ≠ 0
is not empty. Therefore, there is a Ka¨hler form ω such that the class [β · ω] ∈ H1(Sn,Θ) does
not vanish for n ≥ 5. 
We also note that our proof of Proposition 8.3 still holds for degenerate del Pezzo surfaces.
8.2. Non-vanishing theorem
Proposition 8.7. Let M be a Ka¨hler surface with a Ka¨hler form ω and a non-zero Poisson
structure β ∈ H0(M,∧2Θ). Let D be the divisor defined by the section β. If there is a curve C
of M with C ∩ supp D = ∅, then the class [β · ω] ∈ H1(M,Θ) does not vanish.
Proof. The nonzero β on the complement M \ D gives a holomorphic symplectic form βˆ on
the complement. The symplectic form βˆ gives the isomorphism Θ ∼= Ω1 on M \ D, which
induces the isomorphism between cohomology groups H1(M \ D,Θ) ∼= H1(M \ D,Ω1). Then
the restricted class [β · ω]|M\D corresponds to the Ka¨hler class [ω]|M\D ∈ H1(M \ D,Ω1) ∼=
H1,1(M \ D) under the isomorphism. Since there is a curve C on the complement M \ D and
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ω is a Ka¨hler form, the class [ω|C ] ∈ H1,1(C) does not vanish. Then it follows that the class
[ω]|M\D ∈ H1(M \ D,Ω1) does not vanish. This implies that [β · ω]|M\D does not vanish also.
Thus, we have that the class [β · ω] ∈ H1(M,Θ) does not vanish. 
8.3. Deformations of bi-Hermitian structures on the Hirzebruch surfaces Fe
Let F2 be the projective space bundle of T ∗CP1 ⊕OCP1 over CP1 with fiber CP1:
F2 = P(T ∗CP1 ⊕OCP1).
Let E+ and E− be the sections of F2 with positive and negative self-intersection numbers,
respectively. An anti-canonical divisor of F2 is given by 2E+, while the section E− with
E− · E− = −2 is the curve that satisfies E+ ∩ E− = ∅. Thus, we have the non-vanishing
class [β · ω] ∈ H1(F2,Θ), where β is a section of −K with the divisor 2E+.
Note that the canonical holomorphic symplectic form βˆ on the cotangent bundle T ∗CP1
induces the holomorphic Poisson structure β. The structure β can be extended to F2, which
gives the anti-canonical divisor 2[E+].
Proposition 8.8. The class [β ·ω] ∈ H1(F2,Θ) does not vanish for every Ka¨hler form ω on F2.
Proof. The result follows from Proposition 8.7. 
It is known that every non-trivial small deformation of F2 is CP1 × CP1. Thus we have the
following.
Proposition 8.9. Let (X, J ) be the Hirzebruch surface F2 as above. Then there is a family of
deformations of bi-Hermitian structures (J+t , J−t , ht ) with the torsion condition and the same
orientation with J+t = J−0 = J such that (X, J−t ) is CP1 × CP1 for small t ≠ 0.
Let Fe be the projective space bundle P(O⊕O(−e)) over CP1 with e > 0. There is a section
b with b2 = −e that is unique if e > 0. Let f be a fiber of Fe. Then−K is given by 2b+(e+2) f ,
which is an effective divisor. Then we have H2(Fe,Θ) = {0}. P−1(Fe) = dim H0(Fe, K−1) is
listed in Table 7.1.1 of [19]:
P−1(Fe) =
9 e = 0, 19 e = 2e + 6 e ≥ 3.
Since K is given by the ideal sheaf ID for the effective divisor D = 2b+(e+2) f , it follows from
the Serre duality that H2(Fe, K−1) = H0(Fe, I 2D) = {0}. Thus, applying the Riemann–Roch
theorem, we obtain
dim H1(Fe, K−1) = e − 3
for e ≥ 3. In the case e = 3, note that H1(F3, K−1) = H2(F3,Θ) = {0}. From our main
theorem, we have the following.
Proposition 8.10. The Hirzebruch surface Fe admits deformations of non-trivial bi-Hermitian
structures with the torsion condition and the same orientation (J, J−t , ht ) with J−t ≠ ±J for
small t ≠ 0.
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8.4. Bi-Hermitian structures on ruled surfaces P(T ∗Σg ⊕OΣg )
We can generalize our discussion of F2 to the projective space bundle of T ∗M ⊕OM over a
compact Ka¨hler manifold M . Then we also have the Poisson structure β and as in Proposition 8.7,
the class [β ·ω] does not vanish. Thus, we have deformations of the bi-Hermitian structures from
the stability theorem [8].
If M is a Riemannian surface Σg of genus g ≥ 1, then the projective space bundle is called
a ruled surface of degree g. It is known that small deformations of any ruled surface of degree
g ≥ 1 remain as ruled surfaces of the same degree. Let S = (X, J ) be the projective space
bundle P(T ∗Σ ⊕ OΣ ), where X is the underlying smooth manifold with the complex structure
J . Applying our main theorem, we have the following.
Theorem 8.11. There is a family of distinct bi-Hermitian structures (J, J−t , ht ) with the torsion
condition and the same orientation on S := P(T ∗Σ⊕OΣ ), that is, the complex manifold (X, J−t )
is not biholomorphic to S = (X, J ) for small t ≠ 0.
8.5. Bi-Hermitian structures on degenerate del Pezzo surfaces
We consider magnification of CP2 at r points that are not in general position. We follow the
construction in [5, p. 36]. We have a finite setΣ = {x1, . . . , xr } and X (Σ ) obtained by successive
magnification at Σ
X (Σ )→ X (Σr−1)→ · · · → X (Σ1)→ CP2.
First, X (Σ1) is a magnification of CP2 at a point x1 ∈ CP2; we have Σi = {x1, . . . , xi } and
then X (Σi+1) is the magnification of X (Σi ) at xi+1 ∈ X (Σi ). Let Ei be the divisor given by the
inverse image of xi ∈ X (Σi−1). If Γ is an effective divisor on CP2, we note that mult(xi ,Γ ) is
the multiplicity of xi on the proper transform of Γ in X (Σi−1), and we say that Γ passes through
xi if mult(xi ,Γ ) > 0. We define Eˆ1, . . . , Eˆr by recurrence as follows. On X (Σ1), let Eˆ1 = E1;
on X (Σ2), Eˆ1 is a proper transform of the previous E1 and we set Eˆ2 = E2; on X (Σ3), Eˆ1
and Eˆ2 are the proper transforms of the previous Eˆ1 and Eˆ2, respectively, and Eˆ3 = E3. Then
Eˆ1, . . . , Eˆr are irreducible components of E1 + · · · + Er .
We assume the following condition for Σ :
(∗) For each i = 1, . . . , r , a point xi ∈ X (Σi−1) does not belong to an irreducible curve Eˆ j with
self-intersection number −2 for 1 ≤ j ≤ i − 1.
If a point xi ∈ X (Σi−1) belongs to an irreducible curve Eˆ j with self-intersection number −2,
then the proper transform of Eˆ j becomes a curve with self-intersection number −3. If there is a
rational curve with a self-intersection number of −3 or less, the anti-canonical divisor of X (Σ )
is not a nef divisor.
Definition 8.12. A set of points Σ is in almost general position if Σ satisfies the following:
(1) Σ satisfies condition (∗).
(2) No line passes through four Σ points.
(3) No cone passes through seven Σ points.
We call X (Σ ) a degenerate del Pezzo surface if Σ is in almost general position. Note that if Σ is
in general position, Σ is in almost general position. In [5], the following theorem was shown,
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Theorem 8.13 ([5]). The following conditions are equivalent:
(1) Σ is in almost general position.
(2) The anti-canonical class of X (Σ ) contains a smooth and irreducible curve D.
(3) There is a smooth curve CP2 passing all points of Σ .
(4) H1(X (Σ ), K nX (Σ )) = {0} for all integers n.
(5) −K XΣ · C ≥ 0 for all effective curves C on X (Σ ); in addition, if −K X (Σ ) · C = 0, then
C · C = −2.
Then from (2) there is a smooth anti-canonical divisor on a degenerate del Pezzo surface
and we have H1(X (Σ ),OX ) = 0. Then we have vanishing H i (X (Σ ),−K X ) = 0 for all
i > 0. A degenerate del Pezzo surface X (Σ ) satisfies H0(X (Σ ),Ω1) = 0. It follows that
H2(X (Σ ),Θ) = 0.
Let X (Σ ) be a degenerate del Pezzo surface that is not a del Pezzo surface, that is, the anti-
canonical class of X (Σ ) is not ample. Then from (5), there is a (−2)-curve C with K X (Σ ) ·C = 0.
It follows that C is a CP1. Thus, we contract (−2)-curves on a degenerate del Pezzo surface to
obtain a complex surface with rational double points, which is called the Gorenstein log del
Pezzo surface. Let β be a section of −K X (Σ ) with the smooth divisor D as the zero set and for
which J denotes the complex structure of the del Pezzo surface X (Σ ). From our main theorem,
we have the following.
Theorem 8.14. A degenerate del Pezzo surface admits deformations of distinct bi-Hermitian
structures (J, J−t , ht ) with J−0 = J for small t ≠ 0, that is, ddt J−t |t=0 = −2(β · ω+ β · ω), and
the complex structure J−t is not equivalent to J of X (Σ ) under diffeomorphisms for small t ≠ 0,
where ω is a Ka¨hler form.
Proof. Let D be a smooth anti-canonical divisor of a degenerate del Pezzo surface with a section
β. It is sufficient to show that the class [β · ω] does not vanish for a Ka¨hler class ω. Since
there is a smooth (−2)-curve C with K · C = 0, the line bundle K−1|C → C ∼= CP1 is
trivial. If there is a point P ∈ D ∩ C , then β(P) = 0 and it follows that β|C ≡ 0. Since
the anti-canonical divisor D is smooth, we have D = C . However, D · D = 9 − r ≠ 0 and
D ·C = −K ·C = 0, which is a contradiction. Thus, D∩C = ∅. Then, applying Proposition 8.7,
we obtain [β · ω] ≠ 0 ∈ H1(X (Σ ),Θ). 
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Appendix
Proof of Lemma 8.6. Let ND be the normal bundle to D in Sn and let i∗TSn be the pull back
of the tangent bundle TSn of Sn by the inclusion i : D → Sn . Then the short exact sequence
0 → TD → i∗TSn → ND → 0 induces the long exact sequence
0 → H0(D, TD)→ H0(D, i∗TSn )→ H0(D, ND) δ→ H1(D, TD)→ · · · .
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Since the line bundle ND is positive, H1(D, ND) = {0} and dim H0(D, ND) is equal to the
intersection number D · D = 9− n by the Riemann–Roch theorem. Since D is an elliptic curve,
dim H1(D, TD) = dim H0(D, TD) = 1. Hence, it follows that
9− n ≤ dim H0(D, i∗TSn ) ≤ 10− n. (A.1)
Let ID be the ideal sheaf of D and let OD be the structure sheaf of D. Then we have the short
exact sequence 0 → ID → OSn → i∗OD → 0. The tensor product yields the short exact
sequence
0 → ID ⊗ TSn → TSn → i∗OD ⊗ TSn → 0. (A.2)
Then from the projection formula, we have H p(Sn, i∗OD ⊗ TSn ) ∼= H p(Sn, i∗(OD ⊗ i∗TSn )) ∼=
H p(D, i∗TSn ) for p = 0, 1, 2. From (A.2), we have the long exact sequence
H0(Sn, TSn )→ H0(D, i∗TSn )→ H1(Sn, ID ⊗ TSn )→ j H1(Sn, TSn )→ · · · (A.3)
From the Serre duality and ID = KSn , we have H0(Sn, ID ⊗ TSn ) ∼= H2(Sn,Ω1Sn ) = {0}
and H2(Sn, ID ⊗ TSn ) = H0(Sn,Ω1) = 0. Then the Riemann–Roch theorem gives
dim H1(Sn, ID ⊗ TSn ) = n + 1. It follows from (A.1) that
dim H0(D, i∗TSn ) < dim H1(Sn, ID ⊗ TSn ).
Note the 10− n < n + 1 for all n ≥ 5. Hence, the map j is non zero. 
Remark A.1. Since n ≥ 5, we have H0(Sn, TSn ) = {0}. Applying the Serre duality with
KSn = ID , we have H2(Sn, TSn ) ∼= H0(Sn, ID ⊗ Ω1) = 0. From the Riemann–Roch theorem,
we obtain dim H1(Sn, TSn ) = 2n − 8.
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